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ABSTRACT. With the aid of the logarithmic spiral mapping
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H. Grötzsch [8] first introduced plane quasiconformal homeomor-
phisms in 1928. Later M. A. Lavrentiefm-27.([13],m-226(CA.)-278BA.)-278Morvrym-27.([1[8])-311geneor-
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any given 0 < s < 1, we have

f

fhave
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2. BASIC MATERIALS

A quasiconformal homeomorphism f : U ! V possesses the following
properties, see e.g. [24].

(1). f is A. C. L (Absolutely Continuous on Lines). Also it is differ-
entiable with Jacobian Jf (‡) > 0 almost everywhere;
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where ‚1 ‚ ‚2 ‚ ¢ ¢ ¢ ‚ ‚n > 0. Denote

Q = AT ¢ P T ¢ diag (‚¡1
1 ; ‚¡1

2 ; ¢ ¢ ¢ ; ‚¡1
n ):

Then QT ¢ Q = In (the n £ n identity matrix). Consequently/F2 10.909 Tf 10.06 6f02l49.1148 1.909  Tf 10.d]TJ/F17 10.909 Tf 929.74 0 TD[(=)]TJ/F16 10.909 Tf 6-31.138 -42.965 TD[(2STf 1(O]TJ/F18 10.909 Tf 135.9430 TD[(()]TJ/F16 10.909 Tf 4.242 0 TD[()]TJ/F18 10.909 Tf 1.588 0 TD[(fi)]TJ/F2 10.909 Tf 1697 T TD[(and]TJ/F16 10.909 Tf 5.7.48/F1 070 TD[(P)]TJ/F17 10.909 Tf 10.448 0 TD[(¢)]TJ/F16 10.909 Tf 5.445 0 TD[(A)]TJ/F17 10.909 Tf 106068 0 TD[(¢)]TJ/F16 10.909 Tf 5.456 0 TD[(Q)]TJ/F18 10.909 Tf 11.647 0 TD[(=)]TJ/26 10.909 Tf 11.515 0 TD[(diag)]TJ/F18 10.909 Tf 23.784 0 TD[(()]TJ/F16 10.909 Tf 4.242 0 TD[(¸)]TJ/F22 7.97 Tf 6.364 -1.636 TD[(1)]TJ/F16 10.909 Tf 47362 1.636 TD[(;)-166(¸)]TJ/F21 7.97 Tf 11.212 -1.636 TD[(2)]TJ/F16 10.909 Tf 47332 1.636 TD[(;)]TJ/F17 10.909 Tf 4.848 0 TD[(¢)-166(¢)-167(¢)]TJ/F16 10.909 Tf 16.364 0 TD[(;)-166(¸)]TJ/F01 7.97 Tf 11.212 -1.636 TD[()]TJ/F18 10.909 Tf51.636 1.636 TD[())]TJ/F16 10.909 Tf 4.234 0 TD[(;)]TJ ET BT/F2 10.909 Tf 46.31 --68.85T TD[(sG)-250desier)17(d.0)]TJ/F16 10.909 Tf  1322l49.114qy)-5(:e:d(:)]TJ ET BT/F2 10.909 Tf58.2651 -92.475T TD[W)54(ith;)-97(er)17(spect;)-97(to;)-98[(ly/F2 10.909 Tf 10.0939.579 0 TD[(n)]TJ/F2 10.909 Tf 1.588 0 TD[-dimensional;)-98[quasiconformal;)-98[homeomorphism=)]TJ/F16 10.909 Tf 1-42068 -42.901 TD[fQ)]TJ/F18 10.909 Tf 111692 0 TD[(:)]TJ/F16 10.909 Tf7.6784 0 TD[UA
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Consider the diagram

R
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We assume, by contradiction, that

(9) f
3;‚

jU0 = f2 – f1;

for some Ks-quasiconformal map f1 and K1¡s-quasiconformal map
f2, where 0 < s < 1.

Now we have the following result. Its proof will be postponed to
Section 4.

Lemma 3.1. For almost all ‡ = (z; t) 2 U0, there exist P (‡) 2
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Choose the closed curve Cr · fjzj = r=2g£f0g ‰ U0. Then the open
curve C 0

r · Crnfz = ¡r=2g ‰ U 0
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such that

Df1(‡) = P1(‡) ¢ diag
¡
„1(‡); „2(‡); „3(‡)

¢ ¢ Q1(‡);

Df2(·) = P2(·) ¢ diag
¡
°1(·); °2(·); °3(·)

¢ ¢ Q2(·);

with „1(‡) ‚ „2(‡) ‚ „3(‡) > 0 and °1(·) ‚ °2(·) ‚ °3(·) > 0. By (6)
it follows that

„1(‡)
„3(‡)

• Ks;
°1(·)
°3(·)

• K1¡s; a:e:

From Df
3;‚

(‡) = Df2(f1(‡)) ¢ Df1(‡), we deduce that
0
B@ A(‚; µ0)2£2

1

1
CA

0
@

p
K

1=
p

K

1=
p

K

1
A

0
B@ B(‚; µ)2£2

1

1
CA

= P2(·) ¢
0
@

°1(·)
°2(·)

°3(·)

1
A ¢ Q2(·) ¢ P1(‡) ¢

0
@

„1(‡)
„2(‡)

„3(‡)

1
A ¢ Q1(‡);

where · = f1(‡). That is, for a.e. ‡ 2 U0,
0
@

p
K

1=
p

K

1=
p

K

1
A

= T1(‡) ¢
0
@

°1(·)
°2(·)

°3(·)

1
A ¢ T2(‡) ¢

0
@

„1(‡)
„2(‡)

„3(‡)

1
A ¢ T3(‡);

(16)

where

T1(‡) =

0
B@ A(‚; µ0)2£2

1

1
CA

¡1

¢ P2(f1(‡)) 2 SO(3);

T2(‡) = Q2( 1(

¡[(¢)]TJ/F23 10.909 Tf 5.454 21.928 TD[(0)]TJ 0 -19.637 TD[(@)]TJ/F16 10.909 Tf 9.546 10.798 TD[(‚)]TJ/F22 7.97 Tf 5.648 -1.637 272]TJ/F18 10.909 Tf 4.732 1.636 TD[(()]TJ/F16 10.909 Tf 4.242 0 TD[(‡)]TJ/F18 10.909 Tf [(‡)]TJ/F16 TD[(1)]TJ/263>7d09 Tf 4.242 0242 72]TJ/F18 10.909 Tf 4.732 1.636 TD[(()]T75 -183()]TJ/F16 10.909 Tf 4.242 f 15.967910.909 Tf 5.808 0 TD[())]TJ/F17 10.909 Tf 8.468 7.483 TD[(•)]TJ/F16 10.909 Tf 11.516 0 TD[(K)]TJ/F22160.188 -236 TD[(()]T75 -183()]TJ/F16 10.909 Tf 4.242 f1.97 Tf 5
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Similarly, by considering the actions on the column vector (0; 0; 1)T , we
have

1=
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